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ABSTRACT: We study the entropy function of two N = 2 string compactifications obtained
as freely acting orbifolds of N' = 4 theories: the STU model and the FHSV model. The
Gauss-Bonnet term for these compactifications is known precisely. We apply the entropy
function formalism including the contribution of this four derivative term and evaluate
the entropy of dyons to the first subleading order in charges for these models. We then
propose a partition function involving the product of three Siegel modular forms of weight
zero which reproduces the degeneracy of dyonic black holes in the STU model to the first
subleading order in charges. The proposal is invariant under all the duality symmetries of
the STU model. For the FHSV model we write down an approximate partition function
involving a Siegel modular form of weight four which captures the entropy of dyons in the
FHSV model in the limit when electric charges are much larger than magnetic charges.
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1. Introduction

Recent studies has led to a good understanding of the spectrum of 1/4 BPS dyonic states
in a class of N' = 4 supersymmetric string theories [[l-[L3]. These theories are a class of
generic N = 4 supersymmetric Zy orbifold of type IIA string theory on K3 x T2 or T6. In
each example studied so far, the statistical entropy computed by taking the logarithm of
the degeneracy of states agrees with the entropy of the corresponding black hole for large
charges. This is not only in the leading order, but also in the first sub-leading order [§, i, f|-
[[1]. On the black hole side this requires taking into account the effect of the Gauss-Bonnet
term in the low energy effective action of the theory, and the use of the Wald’s generalized
formula for the black hole entropy in the presence of higher derivative corrections [[I4-[L6].
These 1/4 BPS dyons are known to have regions of marginal stability, the degeneracies
of the dyons jump across these regions of marginal stability. These changes are precisely
captured by the same dyon partition function but with different choices of the integration



contour, the moduli dependence of the contour of integration is known precisely [[[q-RJ].
For a recent review on these topics see [4].

So far similar studies in N/ = 2 theories has been lacking. Because of reduced su-
persymmetry the Gauss-Bonnet term in the low energy effective action is not just a term
dependent on the axion and dilaton, but also on the other moduli of the vector multiplets.
The precise agreement of the asymptotic degeneracy of the dyons in AN/ = 4 theory to
the first sub-leading order depended crucially on just the axion-dilaton dependence of the
Gauss-Bonnet term. Any similar proposal for dyons in /' = 2 theories should address the
question the moduli dependence of the other vector multiplets.

The study of 1/2 BPS dyons in a generic N' = 2 theory would be a hard task. In this
paper we focus on two N = 2 theories which are closely related to N = 4 theories. The
first theory is the STU model obtained by a freely acting orbifold action of type ITA on
T* x T?. There are three vector multiplets in this theory, the S, T and the U. This model
was constructed and studied in [R5, @], the coefficient of the Gauss-Bonnet term in this
model is known exactly and it is a sum of contributions from the S, T and the U-moduli.
In this case the exact moduli space of the vector multiplets is given by
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where each SU(1,1)/ U(1) factor parameterizes the respective moduli. We study the en-
tropy function for this model and evaluate the expectation values of the moduli at the
attractor point. This enables us to extract the S, T, U duality invariants constructed out
of bilinears of the electric and magnetic charges which characterize the entropy at the
next leading order. Using these invariants we propose a partition function for dyons in
this model. This partition function involves the product of three Siegel modular forms of
weight zero, it has all the duality symmetries of the STU model. The statistical entropy
obtained from the partition function reproduces correctly the entropy of a dyonic black
hole to the first sub-leading order for large values of charges.!

Another well known example of a AN/ = 2 model closely related to a parent N = 4
theory is that of the self mirror Calabi-Yau constructed in [R7]. On the type IIA side it is
constructed by a freely acting orbifold of type IIA on K3 x T2, the resulting Calabi-Yau
is a self-mirror manifold. Therefore the moduli space of this theory is known exactly. The
vector multiplet moduli space is given by

SU(L) SO(2, 10)
Mo ="TA) X 50(2) x SO(10)"

(1.2)

One of the important property of this moduli space is that the dilaton-axion moduli fac-
torizes from the rest of the vector multiplet moduli. The dilaton-axion parameterizes the
coset SU(1,1)/U(1) while the rest of the moduli(the T-moduli) parameterize the coset
SO(2,10)/SO(2) x SO(10). Because of this factorization, the coefficient of the Gauss-
Bonnet term can be computed exactly . From the analysis of the entropy function for

IFor the reader who is interested in the formula for the partition function, please see (E)



the FHSV model and the attractor values of the T-moduli we show that this factorization
allows one to parametrically separate the subleading contribution to the entropy of dyons
in this model into two parts. The contribution from the axion-dilaton dependence of the
Gauss-Bonnet term is dominant when the electric charges are much larger than the mag-
netic charges. We then write down a Siegel modular form of weight 4 which captures the
dependence of the entropy function on the axion-dilaton moduli.

The organization of the paper is as follows: In section 2. we review the construction
of the STU model as well as the FHSV model and recall the the coefficient of the Gauss-
Bonnet term in these models. Section 3. contains the entropy function analysis of these
models. We explictly solve for the attractor moduli in both these models. This enables us to
evaluate the sub-leading contribution to the black hole entropy of dyons from the coefficient
of the Gauss-Bonnet term in these models. It also helps us to determine the charge bilinears
characterizing the entropy at the subleading order. In section 4. we propose a partition
function for dyons in the STU model and show that it has the required duality invariance
and reproduces correctly the entropy of a dyonic black hole to the first sub-leading order for
large values of the charges. In section 5. we write down an approximate partition function
for dyon in the FHSV model which captures the entropy of the corresponding black hole
for large values of the charges but with electric charges much larger than the magnetic
charges. The appendices contain conventions regarding the 't Hooft symbols for SO(2,2)
and the properties of the Siegel modular forms used in the paper. Appendix B shows the
systematic method by which the attractor equations for the FHSV model is solved. This
procedure can be used for any model which has the following vector multiplet moduli space

su@, ) SO(2, 1)
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(1.3)

2. Two N = 2 theories

In this section we review the construction of the two N/ = 2 models that we will be studying.
The dyons which will be the focus of our interest preserve 1/2 of the 8 supersymmetries of
these theories.

2.1 The STU model

This model is best described in terms of a freely acting Zg X Zg orbifold of type IIB [PH,
(example C in [P§)). Consider Type IIB compactified on T x S* x S, the first Zg, g1 : acts
by (—1)L together with a half shift on S*, the second Zs, g2 acts as an inversion of the
coordinates on T together with a half shift on S'. The theory with only with the g; action
is the same as the one considered in [[l0], this is a A = 4 theory. The second Zy action
g2 further breaks the supersymmetry down to N’ = 2. This theory has 3 vector multiplets
and 4 hyper multiplets. The T-duality symmetry of this theory is SO(2,2;Z). In the type
ITA description of this orbifold the dilaton belongs to the hypermultiplet, while in the type



IIB description? it belongs to the vector multiplet [R5, PG]. Therefore the vector multiplet
moduli space is not corrected by quantum corrections and it is given by
SU(1,1)
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where S refers to the axion dilaton moduli and 7" and U refer to the Kéhler and complex

, (2.1)
U

structure of the torus S x S. This theory is invariant under the symmetry I's(2) x I'7(2) x
I'y(2) where I'(2) is defined as

<“Z> ad—be=1, bec€2Z, a,dec2Z+1. (2.2)
&

It also has the triality invariance S < T < —1/U.

The dyons we consider are the twisted sector dyons of the parent N' = 4 theory which
are preserved by the second orbifold projection go. Thus these dyons have electric, and
magnetic charges only along S! and S* directions. Since these dyons are 1 /4 BPS states
in the parent theory they will preserve 1/2 of the supersymmetries of the daughter theory.
For the purposes of obtaining the subleading corrections to the entropy of the dyons we
will need the coefficient of the Gauss-Bonnet term. The Gauss-Bonnet term is given by
following combinations of 4 derivative terms made of the curvature tensor

Ryuypo R*P7 — AR, R*" + R2. (2.3)
The coefficient of this term for the STU model was evaluated in [Rf], this is given by

2
12;772 <4ln (%) — 4log [02(7)*02(~7)(72)] (2.4)

—4log [92(y")202(—7 ") (y3 )] — 4log [94(y™)*9a(—7)*(¥3)]) .

where 7 refers to the complex combination of the axion and dilaton moduli given by
T=—a+1S, (2.5)

where a is the axion and S = exp(—2¢) is the dilaton. y* and y~ refer to the Kéhler and
complex structure of the S x S torus, which we have denoted as the 7' and U moduli.> The
normalization of the Gauss-Bonnet term is determined as follows [g]: Let the axion-dilaton
dependence of the Gauss-Bonnet term be given by

oz IR (-7)]. (26)

2Here the duality symmetry which relates the type ITA and the type IIB description of the theory is not
the conventional T-duality but the one which is part of the U-duality group and is a strong-weak duality
symmetry [@]

3Throughout the paper, the subscripts 1 and 2 on complex moduli refer to its real and imaginary parts
respectively.



The functional dependence of the term in the square bracket is invariant under the S-
duality symmetry I'(2)s. Then the coefficient K is given by the number of harmonic p
forms of T* left invariant under the action of g; and go weighted by (—1)P. go projects
retains only the even forms which results in 8 forms. Since g; reduces the supersymmetry
by projecting out the left moving fermions, it project out the 3 self-dual 2-forms and a
combination of the zero form and 4 form. Thus out of the 8 forms 4 are left invariant.
We therefore conclude I = 4. Once this normalization is determined the dependence of
the axion-dilaton moduli and the other moduli is obtained from the calculation of [R€],
equation (5.3). The dependence of the coefficient of the Gauss-Bonnet term on ln(Mg /p?)
where M), is the Planck’s constant and p? is the graviton momentum is due to the trace
anomaly of the theory. Though the coefficient of the trace anomaly does not play a role
in the evaluation of the sub-leading contribution to the entropy, its contribution to the
coefficient of the Gauss-Bonnet term for a general A/ = 2 theory is given by

1 (234 n,—ny M?
_1%w2< 6 >ln<K? ’ 27)

where ny, is the number of hypermultiplets and n,, is the number of vector multiplets, for
the STU model nj;, — n, = 1. Note that the coefficient of the Gauss-Bonnet term (2.4) is
invariant under the triality symmetry 7 <>y < —1/y~ as well as I's(2) x T'7(2) x T'y(2),

which is the symmetry of the model. This completes the explantation of all the terms

in (2:9).
2.2 The FHSV model

For our purposes it is easiest to describe the FHSV model as a freely acting orbifold of
the heterotic Fg x Fg theory. Consider the heterotic string on the following even, self-dual

22,6)

Lorentzian lattice T'( of the form

réoH o v o TY g TOY g T32), (2.8)

Here the two I'®1) factors are isomorphic. We now orbifold by a Zs action which exchanges
the first two factors and act as —1 on the third I'"Y) and the last I'?2) together with
the half shift in the fourth T factor. The T-duality group of this heterotic string is
SO(2,10;Z), the moduli space of this theory is known exactly [7]. For purposes of this
paper it is sufficient to focus on the vector multiplet moduli space. There are 11 vector
multiplets in this theory and it moduli space is given by

SU(L1) SO(2, 10)
Mv =507 % S0@) < S0(10)°

(2.9)

Note that the coset SU(1,1)/ U(1) which is parameterized by the axion-dilaton moduli
factorizes from the rest of the vector multiplet moduli, we call these moduli the T-moduli.
The S duality of this theory is I'g(2).

We focus on a class of dyon configurations which preserves 1/2 of the remaining sym-
metry in the FHSV model. These class of dyons are obtained by embedding the 1/4 BPS



dyon of the parent N/ = 4 theory such that the dyon configuration is preserved by the
FHSV orbifold action. We now describe the charge configuration of such a dyon: Let us
call the unprojected combination of the two IO lattices as P§971)7 we denote the fourth
D a5 F(Sl’l). We focus on dyons which have electric and magnetic charges values on
the lattices Fgg’l) 3] F(Sl’l) which have twisted sector charges along the F(Sl’l) lattice. It
is clear that such charge configurations are preserved by the FHSV orbifold action, since
these configurations do not have charges in the lattices Tt1) @ T'(22) on which the FHSV
orbifold acts as an inversion.

We will study the macroscopic entropy of these dyons using the entropy function
formalism to the first subleading term. For this purpose we will need the coefficient of the
Gauss-Bonnet term in this model. The dilaton-axion and the T-moduli dependence of the
Gauss-Bonnet coefficient of this model was evaluated exactly in §]. We now review their
result: The coefficient of this term for N' = 2 compactifications is given by

1 M2 o
1282 4ln<p—2>+f1(7,7,y,y) . (2.10)

In (R.10Q) Fi(7,7) is the modular function determined by the threshold calculation and 7 is
the complex combination of the axion and the dilaton given in (R.5). For the FHSV model,
the 7 and the T-moduli dependence of the threshold corrections is given by [2]

Fi(1,7,y,9) = —12log [n(27)) (n(—27)(72)]
—log [®BE(y)PE(—¥) (Y3 ¥z — i)', (2.11)

where ®pg(y) is the Borcherds-Enriques modular form of weight four on the discrete group
Eg x T11(—2) x T (—2). y refer to the 10 complex T-moduli, y = {y*,y~,y'},i = 1,---8.
The subscript 2 on the various moduli in (R.1]) stands for the imaginary values the moduli.
For the purposes of this paper will not need the details of the Borcherds-Enriques form,
please see [B§ for the details. Just as in the STU model we fix the normalization of the
coefficient of the Gauss-Bonnet term by examining the axion-dilaton dependence. This is
given by (R.6), here K is the number of p-forms invariant on the dual description of the the
FHSV orbifold in type ITA theory on K3 weighted by (—1)P. This turns out to be 12, the
FHSV orbifold action projects out 12 of the 24 forms of K3. The dependence of the axion
dilaton and the remaining T-moduli dependence is then read out from [B§]. The trace
anomaly dependence is given by (R.7) with n, = 11 and nj, = 12 for the FHSV model.

3. Entropy function for dyons

In this section we will evaluate the first sub-leading contribution to the Hawking-Bekenstein
entropy due to Gauss-Bonnet term in the effective action for dyons in both the STU model
and the FHSV model discussed in the previous section. We will follow the entropy function
approach developed in [] In this approach to find the first sub-leading contribution to the
entropy we will need both the coefficient of the Gauss-Bonnet term as well as the attractor
values of vector multiplet moduli at the two derivative level. We first evaluate the attractor



values of all the vector multiplet moduli to both these models and then substitute these
values in the coefficient of the respective Gauss-Bonnet term in these models to evaluate
the sub-leading contribution to the Hawking-Bekenstein entropy.

To make the discussion self contained we briefly review the entropy function formalism.
Consider an extremal black hole solution in any of the N' = 2 theories of interest in this
paper. The near horizon geometry of this black holes is given by

d 2
ds® = vy (—r2dt2 + T%) + va(df? + sin? 0d¢?),

S = ug, a = ua', M,’j = UMij,
E) =e, Fy= f—;. (3.1)

Here i = 1,---n 4 2 and the near horizon vector multiplet moduli, n = 10 for the FHSV
model and n = 2 for the STU model. uyz;; satisfies

wl Luy = L, ul; = uyy, (3.2)

where L is the Lorentzian metric with n negative signatures and 2 positive signatures;
L =Dia(—1,—1,---—1,+1,+1). Substituting the solution (B.1) in the supergravity action
we obtain [B(]

fus, ug,ups, U, €,p) = /d0d¢\/—detG£ (3.3)
1 2 2 2 1 Ug
= §U1U2us |:—U—1 + U_g + Eei(LUML)ijej — Wpi(LUML)ijpj + meiLijpj

We then obtain the electric charges ¢; given by

0
f = %(LUML)UGJ + g—;[zijpj. (34)

T=Be; T 20

Evaluating the Legendre transform with respect to the variables e; we obtain the entropy
function F

F(US,UG,UM,ﬁ,J,m = 271'(62']?7; - f(uS7ua7uM7177 é;m)

ug v1 U1 2 2
-9 _ - - Luy L
™ (vg —v1) + 2}2uSq upq+ e — (ug + uy)LuprLp
V1 T
— Lp| . 3.5
Avgti Uaq UM p] (3.5)
We define the charge vectors
1
Qi =2q,  P=-Lipj (3.6)

so that P; and (); are integers. Substituting these definitions of charges in the entropy
function we obtain
T

1
F=r _
5 ug(ve —v1) + il

(QTuMQ + (u + u2)PTup P — 2anTuMP) . (3.7)



Now to evaluate the Hawking-Bekenstein entropy we need to find the the extremum of
the above function with respect to the moduli wg,uq, unr;j,vi,v2. For this we can first
minimize the entropy function in (B.7) with respect to v; and v. It is easy to see from the
dependence of the entropy function on v; and vy, the minimum occurs at v; = vo. We then
organize the axion and the dilaton moduli in terms of the complex scalar 7 defined as

T = —uq + iug. (3.8)
Using 7 and the parameterization and v; = vy, the entropy function (B.7) reduces to

Fz%ﬂ@+rm%M@+ﬂﬂ. (3.9)

In the next two subsections we use the above entropy function and to further minimize
with respect to the T-moduli parameterized by uj; and the axion dilaton moduli 7 for the
STU model and the FHSV model. In both the cases we obtain the attractor values of these
moduli in terms of the charges explictly. We then use the attractor values of the moduli
to evaluate the subleading correction due to the Gauss-Bonnet term.

3.1 The two derivative entropy function: STU model
For the case of the STU model the moduli matrix uys is a 4 X 4 matrix which parameterizes
the coset SO(2,2)/(SO(2) x SO(2)). It satisfies the conditions

u}@ = upy, u}\F/[LuM = uypy, (3.10)

where L is the diagonal metric L = Dia(1,1,—1,—1). From the conditions in (B.10) it
can be easily seen that there are 4 independent variables which parameterize the matrix
ups. A convenient parameterization is as follows: We first introduce 4 complex numbers
satisfying

w? + wi — wi —wi =0, (3.11)
together with the identification w; ~ cwy where ¢ is a complex number. Thus w;’s param-
eterize the coset SO(2,2)/(SO(2) x SO(2)). Using the scaling symmetry we can solve the
constraint (B.11]) by introducing complex numbers y* and y~ and writing w;’s as

wy = —14+yTy™, wy =y +y~, (3.12)
w3 =y -y, wy=1+yTy".

Note that we have use the scaling symmetry of wy’s to set wy — w; = 2. Using the above
solution of the constraint (B.11]) it can be seen

i [* + [wa|* — Jws|® = |ws|* = 2Y, (3.13)
where Y = 4y§r Y, is related to the Kahler potential on the moduli space by

K = —logV. (3.14)



Now we can parameterize the moduli matrix u; by

uy = LUL — L, (3.15)
where U is given by
WIWj + Wrw j
—
It can be seen that using (B.19), (B.13) and the definitions (B.15) and (B.16) the conditions

on uys given in (B.10) are satisfied. Note that now we have parameterized the matrix wups

U= (3.16)

in terms of y* and y~. Substituting this parameterization in the entropy function (B.9) we

obtain
T [lQ+7P)-wf  [(Q+7P)-wl® (Q+7P) (Q+7P) , (3.17)

F =
2 Y Y T

where dot product - is with respect to the metric L. To determine the values of the T and
U-moduli (y™,y~ respectively ) at the attractor point it is sufficient to focus terms on the
first two terms in (B.17). The first two terms are identical except for the exchange of 7 « 7
in the numerator. Our strategy for minimizing with respect to 3y and y~ is as follows: We
will first just focus on the first term
2
Pr :g [—‘(Q +;§) vl } : (3.18)

and minimize this term with respect to ¥y and y~. We will see that the attractor values
of the moduli y™ and y~ are independent of the axion-dilaton moduli 7. Therefore these
values of the attractor moduli minimize the second term in (B.17) simultaneously, since the
second term is same as the first term with 7 — 7. Thus to minimize with respect to the
yT and y~ moduli it is sufficient to focus on (B.1§).

To write out (B.1§) in terms of the moduli y* and y~ it is convenient to define the
following variables

Q1+Q4:N17 Ql_Q4:W17 Q2+Q3:N27 Qz_Q3:W27
P+ P =N, P'—P'=W,, P?+P3=N,, P -P3 =W,  (3.19)

We also define the various components of the complex combination Q) + 7P as follows

Q'+ Q' +7(P' +P)=Ni+7Ni=n1, Q' —Q'+7(P' = P") =Wy +1Wi = u,
QP+ Q4+ 7(Po+P3)=No+7Na =ny, Q*—Q*+7(Py— P3) =Wo +7Wa = wh.
(3.20)

Using the variables the T-moduli dependent part of the entropy function in (B.17) is given
by

™ _ — 2
Fr=—F— |—n1 +ytyTw +yTwh +y 712‘ ) (3.21)

B 872y Ys
where the subscript T', U indicates the term dependent on the T, U moduli of the entropy
function in (B.17). Minimizing with respect to y™ and 3~ we obtain the following equations



respectively
Yy yTw] +whyT +y ng —ng =0, (3.22)
y T w +nay +y T wy —ni. =0
Eliminating y~ from the above equations we obtain the following quadratic equation for
yt
(Wa W1 —WaW1)(y )2+ [(WaNo—WaNo)— (N1 W1 — N1 W1)]y T — (N1 No— N1 No) = 0. (3.23)
Note that in this quadratic equation which determines the moduli ", the axion dilaton

dependence completely drops out. To obtain the solution for y* we can simplify the
discriminant

D = |:(W2N2 — WQNQ) — (lel — lel)]2 + 4(V~V2W1 — Wng)(NlNg — NlNQ),
— 4(Q- PP - @P?). (3:24)

Here we have re-written the charges in terms of @)’s and P’s using the relations in (B.19).
Since we are looking at supersymmetric black holes we have Q2P? — (Q - P)? > 0,Q? >
0, P2 > 0, this implies the discriminant D is always negative. Thus the solution for y* is
always complex, the real and imaginary parts of y™ are given by

MZ_MMQA@My¢Mm—NM@7 (3.25)

2(WoWyp — WoW7)
ys = G CR
(WaeWy — Wali)

Note that finally we have to choose the solution with y; > 0, we choose WolWq — Wo W >
0. For later purpose it is convenient to write the above solution more suggestively as
follows. The electric and magnetic charges are 4-vectors in SO(2,2;7Z). Let us consider the
antisymmetric combination of these vectors

TU = Q'PI — Q' P, (3.26)

where 7,7 = 1,---4, these 6 components are S-duality invariants. We can project them into
components which transform as a 3 of the left SO(2,1;Z) of SO(2,2;Z) and 3 of the right
SO(2,1;Z) using the self dual and anti-self dual 't Hooft symbols of SO(2,2) respectively.
From the definition of the 't Hooft symbols in (A1) and (A:3) we see that the solution

(B.25) can be written as
+_ nl;ijTij n na;ijn(}ngikal

Y7 = — .y, = —

! Ny T 7 N5 1
where a = 1,2,3. Note that we have used the identity (A.§) to rewrite the invariant
Q?P? — (Q - P)? in the above equation. A similar analysis for the y~ yields the quadratic

(3.27)

equation
(NQWl — N2V~V1)(y_)2 + [(NQWQ—NQWQ)—l-(WlNl — lel)} y_+(W2N1—W2]\71) =0,
(3.28)

— 10 —



here again the axion dilaton dependence drops out. The discriminant of this quadratic
equation is given by
. . - - 2 - .. .
D = |[(NaWs = NoWa) + (Waly = NyWA) | = A(Na Wi — No W) (W Ny — Wa i),
= 4(Q - P)? — Q*P2. (3.29)
Thus the real and the imaginary parts of y~ are given by
= — (NaWp — N2~W2) + (W1]~V1 - ]\71W1)7 (3.30)
2(NyW1 — NoWh)
_ \/Q2P2 _ (Q-P)2
v2 NoWy — NoWy
Again we have to choose the solution with y, > 0 for that we have NoWq — NoWy > 0.
Rewriting the solution (B.3(]) in terms of the 't Hooft symbols we obtain

14,1 \/ Tlasig 3 T TH
o= > . (3.31)

S A A R o o

For later convenience we also write down the real and imaginary parts of —1/y~

_ <i> _ (N = NoWo) + (WiNy = W) iy T (3.32)
Yy /1 2(W2N1 — WgNl) 7~7+;ijT”7
Y~ /9 WoNi — WolN; M T9

The solutions given in (B:2H) and (B-30) are independent of the axion-dilaton moduli and
thus minimize both the terms which depend on y* and y~ in (B.I7) and therefore are
the attractor values for the entropy function. The solution for the attractor values of the
moduli has been derived earlier for special charge configurations [B0, BI]. The analysis
given above is the complete solution for arbitrary charge configurations, it reduces to the
solutions found in [B(, B1]] for the respective charge configurations. The general analysis
enabled us to write down the attractor values of the moduli in a manifestly symmetric form
given in (B23), (B31).

Substituting the attractor values of the T and U moduli given in (B.27) and (B.31) in

the entropy function (B.17) we obtain

™

FlrUmin = =—
279

(Q+7P)-(Q+7P)]. (3.33)
We now can further minimize with respect to the axion dilaton moduli to obtain

Q-P VQ2P?2 —(Q - P)?
- Pz T = P2 .
Finally substituting the values of all the vector multiplet moduli in the entropy function

(3.34)

T =

we get the usual Hawking-Bekenstein entropy

Flmin = m/Q%P2 — (Q - P)2. (3.35)

Note that all the vector multiplets y*,y~, 7 are fixed at the attractor values, therefore this

attractor point has no flat directions.
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3.2 The two derivative entropy function: FHSV model

Let us call all the vector multiplet moduli other than the axion-dilaton moduli as T-moduli.
The T-moduli in the FHSV model parameterizes the coset

S0(10,2)

M1 = $5010) x S0

(3.36)

To explictly find the values of the T-moduli at the attractor point we first need to param-
eterize the 12 x 12 moduli matrix uy; which satisfies the condition

wty =wupy,  ul;Luy = L. (3.37)

where L = Dia(—1,---,—1,1,1) is the Lorentzian metric with 10 negative 1’s and 2 pos-
itive 1’s . From the conditions in (B.37) the number of independent variables required to
parameterize uys is 20. Just as in the STU model we first introduce 1042 complex numbers
satisfying

10
= witwh + wiy =0, (3.38)
I=1

together with the identification w; ~ cwy, where ¢ is a complex number. Note that the
constraint in (B.3§) and the identification of w’s upto complex scalings reduce the number
of independent parameters to 20 which is the required number of variables to parameterize
the moduli space in (B.36). Using the scaling degree of freedom the constraints in (B.3§)
can be solved by introducing the 10 complex numbers (y*, 3™, %) where ¥/ is a 8 dimensional
vector. These variables are related to the 12 w;’s by

1 _
wr = Y1, 12187 w9:\/§(y+_y )7
2
Yy 1 + _
:1 - = —
wio + T w11 \/i(y +y),
%
wiz =14 7, y'=2yty" + 77 (3.39)

On substituting these values of wy in (B.3§) it is easy to see that the constraint is satisfied.
The above parameterization amounts to scaling wig — w12 such that its value is constant

given by wig — w12 = 2. Using the above solution of the constraint (B.3§) it can be seen
that

10
- Z lwr]? + Jwi|* + Jwia]?® = 2Y, (3.40)
I=1
where Y = (Imy)? = 2y3 y5 — ¥

Y is related to the Kahler potential on the moduli space by

K =—logV. (3.41)

- 12 —



The variables y to parameterize the vector multiplet moduli was introduced in [2§, BZ]. We
now parameterize the vector multiplet moduli matrix as

uy = LUL — L. (3.42)

The conditions on the moduli matrix given in (B.9) result in the following conditions on U

UT=U, ULU-2U =0. (3.43)

We can now further parameterize U as

wWrwy + Wrw g

U= v , (3.44)

here I = 1---12 It is easy to see that given the constraints (B.3§) on the w’s we see that
the conditions on U in (B43) are satisfied.

Using 7 to parameterize the axion dilaton moduli as in (B.§) and parameterizing the
moduli matrix uy; in terms of w from (B.43), (B.44) in the entropy function (B.9) we can
write the entropy function as

F = 2— (Q + TP)up(Q + 7P)], (3.45)
_ 1 [lQ+7P) - wl®  [(Q+7P) wP (Q+7P)-(Q+7P)
2 Y Y D)

Note that in the above the dot product is taken with the metric L, From here it is easy to
see that F'is both SL(2, R) as well as SO(10, 2; R) invariant. We first minimize the entropy
function with respect to the T-moduli (y*,y~, %) for right moving charges. Right moving
charges are defined by the condition @ - @ > 0, P - P > 0. Generic supersymmetric dyons
are right moving. Details of the minimization procedure are provided in the appendix. To
write down the solution we define the following combination of charges

QP +QY =N, Q¥-Q"=w, Q"+Q =Ny, Q" Q" Wa,  (3.46)
P24+pPO=nN, P?-PO=W;, P"4+P =N, P"-P'=W.

We now write down the solution of all the T-moduli: %%, i = 1,---8 and y~ are determined
in terms of y* from the equation

— oyt QW1 — P'W; P MQ' — ]YgPi
NoWy — NoWy  ~ NoWp — NoWy'

LWl — WoWy n 2N2W2 — NoWs
NoWy — NoWy NoWy — NoWy'

(3.47)

— 13 -



y* is determined from the solution of the following quadratic equation

A(2) B e 4
(ﬁ) V2 (349
8 Lo~ .
_ _ Wy — PYWq)?
A=WyW; — WoW; + Z (Q ~1 = 1) )
— NoWi — NoWy

(N2Q' — PINL) (W1 Q' — P'W)
NoWy — NoWy

)

8
B = (WyNg — WalNp) — (Ny Wy — NyWh) + )
=1
C = N1 Ny — N Ny.

Note that the coefficients which determine the attractor values of the moduli y* and
y' in (B:47) and (B4]) are all functions of the S-duality invariants Q' P/ — P1Q’, with
I,J = 1,---12. Therefore the attractor values of the T-moduli do not transform under
the S-duality symmetry of the FHSV model. As a small check on the above solutions for
the T-moduli, note that on setting the charges Q* = 0, P = 0 the equations (B.48) reduce
to (B.23) with the y* — \/y_+ . Furthermore from the solutions it is easy to see that under
the scaling Q! — AQ!, P! — AP! the attractor values of the T-moduli remain invariant.
Thus for independent scalings of the electric and the magnetic charges the attractor values
of the T-moduli are invariant. From (B:4§), it is see that the attractor values of y* are
functions of ratios of B/A,C/A, thus they are of O(Q", P?) even if the charges electric
and magnetic charges are scaled with A > 1, A > 1. We now substitute the values of the

T-moduli into the entropy function given in (B.43), this gives

Fzé%KQ+wa(Q+an. (3.49)

Now we proceed with minimizing the above function with respect to the axion-dilaton
moduli, this results in the following attractor values

QP JIP — Q- Py
pr T P2 '

(3.50)

T =

Finally substituting all the attractor values of the vector multiplet moduli into the entropy
function we obtain the following Hawking-Bekenstein entropy

F=nyQ2P2 —(Q-P)2. (3.51)
3.3 Including the Gauss-Bonnet correction

In this subsection we include the contribution of the Gauss-Bonnet term to the entropy
function and evaluate its contribution to the black hole entropy. We will retain terms to
O(QY, P°) terms in charges and neglect contributions at O(1/Q?,1/P?). The coefficient of
the Gauss-Bonnet in both the STU model (R.4) and the FHSV model (.1() contains a term
proportional to the trace anomaly which depends on graviton momentum p?. Since this
term does not depend on the moduli of the theory the contribution to the Gauss-Bonnet
term can be neglected. Retaining this term in the entropy function formalism just shifts the
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Entropy by a charge independent constant which we do not keep track of. Therefore we can
restrict our attention to the moduli dependent terms in the coefficient of the Gauss-Bonnet
term in (-4) and (R-10). Consider first a coefficient of the Gauss-Bonnet term to be

1
12872

T, 1), (3.52)

where p refers to the axion-dilaton moduli together with the rest of the vector multiplet
moduli. The change in the entropy function due to the above coefficient is (B.52) is

1
AF = 5.7-'(,u,ﬂ). (3.53)
The total entropy function is now given by
1
F = XNF® (. i) + 5 F(p. o), (3.54)

where F?) refers to the two derivative entropy function discussed in the previous section.
The two derivative term is proportional to O(Q?, P?), this is indicated by the coefficient
A% in (B.54). We can now minimize with respect to the moduli y and solve for the moduli
in powers of )\—12, we denote this correction as

1

2 om + O(1/2%), (3.55)

p=p"+
where p* solves the attractor equations of the two derivative entropy function F® given by

OF® (u, 1)

3% = 0. (3.56)

p=pr p=p*
Since the attractor point has no flat directions one can obtain a unique solution for dpu.

Substituting the solution back into F' given by (B.54) and using (B.5€) it is easy to see that
to O(Q°, PY) in charges the entropy is given by

1
F=XNFO 5t + SF G i) + O(1/2%). (3.57)

Thus to evaluate the correction to entropy due to the Gauss-Bonnet term to O(Q°, P%) in
charges it is sufficient to evaluate its coefficient at the attractor values of the moduli.

STU model. To evaluate the correction to the entropy including the Gauss-Bonnet term

to O(Q°, P°) in charges we substitute the values of the vector multiplet at the attractor
point given in (B.27), (B.31)) and (B.34) into the coefficient of the Gauss-Bonnet term and

using (B.57). We obtain

F = m/Q2?P2 — (Q - P)? (3.58)
—In [9o(1) 02 (=7)*(12)?] s — In [Da(y) D2(=57)* (12)?] |-
—In [9o(=1/y7)"2(1/57) ((=1/y7)2)?] |« + O(1/Q°, 1/P°).
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Here the subscript * refers to the fact that we have substitute the attractor values for the
moduli given in (8.27), (B.31]) and (B.34). Note that using a modular transformation we
have written the ¥4(y~) in terms of J5(—1/y~) in the coefficient of the Gauss-Bonnet term.

From the expressions for the moduli in (B.27), (B.31]) and (B.34]) and the fact that the
leading term in the entropy is invariant under triality, it is easy to see that the corrected

entropy given in (B.5§) is invariant under the following triality symmetries.
Ti : W, — No, Wy — —N. (3.59)
Under this exchange of charges the attractor value of the moduli transform as
T, < yb, v, invariant. (3.60)
Similarly under the exchange of the charges
Ty : Wi < Ny, ;Wi — Ny, (3.61)

the attractor values of the moduli transform as
1

yl -, T invariant. (3.62)
Finally under the exchange of charges
T3: Ny = Ny W — =W, (3.63)

the attractor values of the moduli transform as

To = ——, y™ invariant. (3.64)

E3
In the next section we write down a partition function which for dyons in the STU
model which captures the subleading coefficient obtained by considering the Gauss-Bonnet
term. The partition function manifestly has all the symmetries of the model.

The FHSV model. To obtain the entropy of the dyonic black hole in the FHSV model
with the Gauss-Bonnet term to O(Q°, PY) in charges we substitute the attractor values of
the the moduli given in (8.47), (B.4§) in (B.57). The coefficient of the Gauss-Bonnet term
is obtained from (R.11). Performing this we obtain

F = 7m/Q*P? — (Q - P)? — In (n(27)"n(-27)"*75) |. (3.65)

— 5 I (B Pre(—9) (25 — 7)) | + O(/Q%1/P).

In this model there is a scaling limit of the charges in which the contribution of entropy
from the the T-moduli becomes negligible compared that of the axion-dilaton moduli. Let
us consider the following scaling of the charges

Q' = \Q!, Pl NPT withA>1, V> 1 (3.66)
and A > \.
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From the solution of the T-moduli given in (B.47), (B.4J), it is easy to see that in this
scaling limit the T-moduli are of order 1, O(A°,A\'?). The axion dilaton moduli on the

other hand scales as \ \
7’1—>Y7'1, T2_>Y7_2' (3-67)

Thus in (B.65) we can neglect the contribution of the T-moduli and retain the leading

contribution from the axion-dilaton moduli. Therefore (B.65) reduces to
F = 1/Q2P2 — (Q - P)?2 4 2173+ — 6In 7o, + O(Q°, P°) (3.68)
V@@ PP _ <¢@2P2 @ P>2)
—61n

= 1/Q2P2 - (Q-P)2+2rm 5 52

+0(Q°, PY).

In section 4. we will write down an approximate dyon partition function involving a Siegel
modular form of weight 4 which captures the degeneracy of the dyons in the FHSV model
in the limit when the electric charges are much larger than the magnetic charges as in
B.6d). Note that in this limit though we loose most of the details of the correction to
the entropy from the Gauss-Bonnet term, the information of the weight of the SL(2,7Z)
modular form which captures the axion-dilaton dependence is present in the coefficient of

[,

the logarithm in (B.63).

4. Partition function for the STU model

In this section we propose a partition function for the dyons of the STU model. The
partition function is given in terms of product of three Siegel modular forms of weight
zero. For the purposes of extracting the degeneracy from the partition function we need to
define the charge bilinears which occur in the Fourier expansion of the partition function.
From the consideration of the entropy function in the pervious section we have seen that
that the following charge bilinears characterize the black hole entropy of the dyons to the
next leading order. There are three sets of charge bilinears, each set is invariant with
respect to any two of the three I'(2) symmetries of the STU model. The T-duality and
U-duality invariants are given by

1 1 1
Molng‘Q, Mplzgp‘P, Mv2:§QP

The S-duality invariants are given by following anti-symmetric second rank tensor T of
SO(2,2)

T9 = Q'P! — QI P’ (4.1)
where 4,7 = 1,---4. From the above 6 components of the S-duality invariant the charge
bilinears we can project into the self-dual or the anti-self dual combinations which are
further invariant under either T-duality or the U-duality symmetries. This projection is
done by the 't Hooft symbols of SO(2,2). They are given by

1 g 1 g 1 g
Mgz = g?’]_;ijT”, Mp2 = gn‘f‘?ijT”’ MUQ = gnl;ijT”7 (42)
1. y 1. . 1
Mys = gil—qgTV, My =i TV, My = =i T
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Here 7,,4; and 7),,; are the 't Hooft symbols which decomposes the second rank anti-
symmetric tensor 7% of SO(2,2) and as (3,0) and (0, 3) of SU(1,1) xSU(1,1). a,=1,---3.
These 't Hooft symbols are defined in appendix A.

We now propose the partition function for this model: The partition function involves
the product of inverses of three Sp(2,7Z) modular forms of weight zero and is given by

e

d(MpyMaan) = [a(Mpa,MJa,Mva), (43)
a=1
K : ~Q QSO 1
In(Mpo, Mya, Mya) = —exp (inMy,) [ dp*de®d™ =———
4 8 Do (p@, 52, %)
M {e% Mo—& ~ ~
X exp <—2m’ [ 5 %+ 5 %+ Mva?}:|> .

The Sp(2,Z) modular form 50(/3, &,v) which occurs in the partition function is given by

IO P
by = Byy | =2. (4.4)
g

Here @ is the Siegel modular form of weight 6 under the subgroup G of Sp(2,7Z) which
captures the degeneracy of dyons in the Zs CHL model [f, ] ®, is the Siegel modular
form of weight 2 under the same subgroup G of Sp(2,Z) which captures the degeneracy of
dyons in the Zy orbifold of type IIB theory [[(]. Finally &)’2 is the modular form of weight
2 related to ® by

&)/2(167:0-7’5) = $2<%72ﬁ7’5> (4.5)

From property 1 of (TD/Q listed in the appendix C, we see that 5’2 is also a Siegel modular
form of weight 2 under the subgroup G of Sp(2,Z). It is clear from the definition of CTDO
that it is a modular form of weight 0, under the same subgroup G of Sp(2,Z). All the
modular forms given in (f.4) are explicitly constructed in the appendix C in their product
representation from appropriate threshold integrals. In ([f.3) the three dimensional contour
C% is given by

Imp® = MY', Imc® = M3, Imo0* = My, (4.6)
0<Rep*<2 0<Red® <2 0<Ret” <1

The constant K = —2719. From the Fourier expansion of the partition function it can be
shown that the degeneracy formula in ([£.3) is valid with

My € Z, Mya €7, My € L. (4.7)
We now list the properties of 50 which are proved in the appendix C.
Properties of :I;O.

1. &DO is a modular form of weight 0 under the subgroup G os Sp(2,7Z).
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2. ;Iso(ﬁ, &,v) is an analytic function with second order zeros at

n9(5, p — 02) 4+ b0 4+ n1& — pmy +mag = 0, (4.8)
b2
for miny + mone + 11 my € 2Z,n1 € Z,b € 2Z + 1,ma,no € Z.

It has second order poles at

n9(5, p — 02) 4+ b0 4+ n1& — pmy + mg = 0, (4.9)
b2

for ming + mong + — =

1 1 my €22+ 1,ny € Z,b € 2Z 4+ 1,mo,ng € Z.

and first order poles at

n9(5, p — 02) 4+ b0 4+ n1& — pmy 4+ my = 0, (4.10)
¥ o1 1
for ming + mang + Z = Z, my € 2Z,n1 € Z + §,b €27+ 1,ma,ng € Z.

3. @ is invariant under the following Sp(2,Z) transformations

Oo(p, 5 ,0") = ®o(p,5,0), (4.11)
forp) =p+46+40—-2, & =6, v =20+7, (4.12)
and g =p, ¢ =4p+c+40—-2, ¥ =26+70. (4.13)

This property is due to the fact that ®y is invariant under the subgroup of H defined
in (C.7). The transformation ([19) corresponds to the choice a = —1,b = 2,¢ =
0,d = —1in (C.§) and ({.13) corresponds to the choice a = 1,b = 0,c = —2,d = 1
in (C.§). The above Sp(2,Z) transformations are essentially the generators of I'(2).
Note that g is invariant under the subgroup ([C.7) which is T'y(2) which contains the
group I'(2).

4. The expansion of 1/ ®, in terms of Fourier coefficients given by

K L

= = > et g(m n, p), (4.14)
q)()(p7 ag, ?}) m,n,p

m>—1/2,n>1/2

with g(m,n,p) being integers, p € Z while m,n € Z/2

5. For small pg — 0% + ;ISO factorizes as

EI;O([’? 57 27) = 47T2(2U 2 O')2U2f(0)(,0)f(0) (0) + O(U2)7 (415)
where
FOp) = 92(p)". (4.16)
The variables (p,o,v) and (p,d,0) are related by the Sp(2,Z) transformation
:/35?7727 azw, ’Uzm, (4.17)
g a g
or the inverse relations
2
_ 1 _
ﬁzﬂj G=— G=_Y"P (4.18)
2v—p—o0o 2v—p—o0o v—p—o0o
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We now perform several check on the proposal (f.J), we show that it has all the duality
symmetries of the STU model and then show that for large charges the statistical entropy
obtained from the partition function reproduces the degeneracy of dyonic black holes in
the STU model to the first subleading order in charges.

4.1 Consistency checks

In this section we will subject our proposal given in (f.3) to various consistency checks.
We first verify that the integrand in ([L.3) has STU triality symmetry and then show that
it has I'(2)s x I'(2)7 x I'(2)y symmetry.

STU triality symmetry. From the definitions of the charge bilinears it is easy to show
the following transformation properties: Under

71 : W1 — Ng, W2 — —Nl, (419)
the following charge bilinears transform as
My — M, Mg — My, Ma — M, (4.20)

while the charge bilinears M3, M3, M3 remains invariant. It is now easy to see that under
this transformation 7;the integrand in the partition function (f£.3) is manifestly invariant.
Similarly under

7—2 : W1 — Nl, Wl — Nl, (421)

that is the exchange of momentum and winding on the first circle, the following charge
bilinears transform as

My — My, My < Mys, My — My, (4.22)

while the charge bilinears M1, M1, M, remains invariant. Thus it is easy to see that the
integrand in the partition function (f.3) is manifestly invariant under the transformation
75. Finally the transformation

7% . NQ — Nl, Wl — —Wg, (423)
the following charge bilinears transform as
My & My, Mg Mys,  Ma — My, (4.24)

while the charge bilinears M2, M2, M2 remains invariant. Thus it is easy to see that the
integrand in the partition function ([.3) is manifestly invariant under the transformation
T3. Therefore ignoring considerations of the contour C* the degeneracy is invariant under
the triality symmetries 77,73, 73.
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I'(2)s x I'(2)r X I'(2)y symmetry. We first look at I'(2)g action, which acts on the
electric and magnetic charges as

Q—Q =aQ +bP, P— P =cQ+dP, (ab)ef@). (4.25)
c
The generators of I'(2) are given by the following matrices

MOO:<_01 _21> M1:<_122). (4.26)

Using ({.25) with the generator M, we find that the T-duality invariants M oty Mo, My

transform as

M, 14 -4\ [ Mn
M, =01 0 M, |- (4.27)
M, 0-2 1 M,

Now following [ let us define

a —bbo
1t it ot e AB —cd Oc
OV=1("," | =40 + BY(CO + D)} -2 ) = . (428
0 0 bdba
For the matrix M., we obtain
ol =+ 46t + 40t — 2,
5l — 5
o =25 + ol (4.29)

Using the transformations ([.27) and (f.29) we obtain the following transformations

M/ ’ M/ ! /
exp [2772‘ < 2p1 Pt + 2”1 ol + M ! )] (4.30)

M M
— exp [2772’ <Tp1p1 + Talal + Mvwl>] exp (2miM ),

exp (im M) — exp (—2miM 1) exp (i M,z ).
Furthermore from ([£29) and (.11)) we see that
Do (p", 6", 5") = ®g(pt, 5", 7). (4.31)

Finally one can show that
dp' ds" dv" = dp'ds'do'. (4.32)

Combining ((.30), ([.33) and ({.31]) we see that the the integrand in I; is invariant under
M. Since the transformations in ([27) are S-duality transformations they leave the

leave the the remaining charge bilinears in ({.2) invariant. Therefore the integrand in the
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partition function ([.J) remains invariant under the S-duality action of M. Using the
same argument one can show that the integrand in ([.J) is invariant under the S-duality
action of M7 under which the charge bilinears transform as

M 100 M,

ol
My =] 41-4|]| M|, (4.33)
M, 20 1 ) \ M

and the Sp(2,Z) variables transform as the equations in the third line of (l.11]). We can
thus conclude that the integrand is invariant under I'(2)s. In fact since the form D is
invariant under I'g(2) (see property 1 of CTDO in appendix C.), the partition function is
invariant under this larger symmetry.

The action of the two generators M., and M; of I'(2)r on the charge bilinears
M2, M2, M2 is given by the the same equations ({.27) and (§t.33) with the 1 replaced by
2. To show that the integrand is invariant under I'(2)r is is sufficient to use the fact that

the integrand is invariant under the triality symmetry 7;. From the action of 77 on the
charge bilinears given in ({.19), (£.20) we have the following relation between the action of
I'(2)r and I'(2)s

r@)r = TIT(2)sT. (4.34)
Since the integrand is invariant under I'(2)g and the triality symmetry 7; we see that the
I'(2)s is a symmetry of the integrand. Finally the action of the two generators M, and M;

of I'(2)y on the charge bilinears M2, M,2, M, is given by the the same equations (4.27)
and ([L.33) with the 1 replaced by 3. Using ({.29) and ([.24) we have

L2y = HL(2)sT. (4.35)

Since the integrand is invariant under I'(2)g and the triality symmetry 73 we see that the
I'(2)s is a symmetry of the integrand. Thus we conclude that ignoring considerations of
the contour the degeneracy given by ([£3) is invariant under I'(2)s x I'(2)r x I'(2)y.

Integrality of the d(Mj,, My, M,). From property (4.14) of do that Fourier coeffi-
cients d(M,, M,, M,) are all integers. From our definition of the charge bilinears in ([.9)
and from the moding of the Fourier expansions in (4.14) we see that

My =7, Mya=17,  Mp=L1. (4.36)

Thus the class of dyons the partition function given in ({.3) is applicable has the above
quantization conditions.

4.2 Statistical entropy of the STU model

In this section we obtain the asymptotic degeneracies for dyons for large charges
Mo, My, Myo > 0 with Q*P? — (Q - P)?> > 0. We begin with the formula ([.3) for
the degeneracy of dyons in the STU model. The degeneracy is obtained as a product of
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three integrals given by

K 1
Io(Myo, Mya, Myo) = — exp (inMye) | dp*d6*dt® ———— 4.37
a( P U) 4 ( U) o q)o([)a,ON'a,@a) ( )

My . Mya
X exp [—2772'( 2p %+ 5 ~°‘+Mvav>]

This formula is identical in form to equation (3.29) of [ with the substitution Q? —
Mya, Q% — Mpe, Qe Qm — Mya. Following B one can show that the dominant
contribution to this integral comes form the residue at the pole at

e — (092 + 9% = 0. (4.38)

The behavior of ® near this zero is given by (E15), is identical to the corresponding
relation (4.17) in [ with & — 0 and f*)(p) — f©(p) given in (EIG). Thus following an
analysis identical to that in [ we can conclude that for large charges the contribution to
the statistical entropy form the integral I, defined as the log of the contribution of the
degeneracy I (Mo, Mga,Mva) is obtained by minimizing the statistical entropy function

] —-‘Oc)

-5 (Mo + 297 My + 7777 My ) (4.39)

2 Cl{
— ln [792(70)4192(—7ya)4(2’y§‘)2] + constant + O(l/Qz),

with respect to the real and imaginary parts of ¥*. To order O(1/Q?) it is sufficient to
obtain the value of 7 at the minimum by minimizing the O(Q?) term in ([39). This is

given by
My
o= - 4.4
7l Mo (4.40)
o \/Mpa Mo—a - M,ga
T2 ‘* = M ’
p&
_ V/QPPP—(Q - P)?
B 3M o ‘

We can substituting these values in the statistical entropy function ([.39) to obtain the
value of the statistical entropy from I, to O(1/Q?), this is given by

~TuF) = my/Myo Mye — M2, (4.41)
— In [Ja(y N9y (=74 (298) ] |, + constant + O(1/Q?),

- VPP =(@Q Py
—In [192(70‘)4192( 94(298) ] |, + constant + O(1/Q?).

The total statistical entropy is then given by

3
T, 72,7 Z (4.42)
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From comparing (B.34), (B.25), (B.33) to the minimum values in ({.40) and using the
definition of the charge bilinears in ([.]) and ({.9) it is seen that we obtain the following

equations

1
'71|* = Tl 72|* = y+|*, 73|* = _y__|* (4.43)
From (f43) and (EA4T) we see that to O(1/Q?), the total statistical entropy is given by
- (L7 70)s = 7/Q2P? — (Q - P)? (4.44)

3
— Z In [P (7*) P2 (—=7%)*(27%)?] |, + constant + O(1/Q%).
a=1

Using ([£43) and (f.44) we see that the statistical entropy coincides with the entropy of
the black hole to the next leading order.

5. Approximate partition function for the FHSV model

The subleading corrections to the entropy from the the coefficient of the Gauss-Bonnet in
the FHSV model depends on the attractor values of the T-moduli through the Bocherds-
Enriques form (B.65). The complete dyon partition function should capture this dependence
on the T-moduli. Here we will focus on the scaling limit (B.6§) in which the electric charges
are much larger than the magnetic charges and write down an approximate dyon partition
function which captures the degeneracy in this limit.

!
d(Q,P) = LS expin(Q - P) / dﬁd&d@% exp [—im (6Q% + pP* +20Q - P)],
2 C (1)4(,0, o,v
(5.1)
where Q2 = Q- Q, P> = P - P, <T>4 is a function to be specified, and C' is a three real
dimensional subspace of the three complex dimensional space labeled by (p,d,7) given by

Imﬁ:Ml Im&zMQ, Im’LN):Mg,
0<Rep<1l, 0<Resd<2 0<Rev<l. (5.2)

My, Ms, M3 being fixed large positive numbers. The normalization constant in (@) is
given by K’ =276, The Sp(2,Z) modular form ®, which occurs in (p.1) is by

1

4(5.5,0) = (B6(p,5,0)%2(5.5,0)) ", (5.3)

where ®g is the modular form of weight 6 which captures the degeneracy of dyons for the
N = 2 CHL orbifold discussed in [, []] Similarly ®, is the modular form of Sp(2,Z) of
weight 2 which capture degeneracy of dyons for the Zs orbifold of type II theory constructed
in [[0]. From the definition of d, in (B]) it is easily seen that it is a modular form of weight
4 under the subgroup G of Sp(2,Z) defined in [. Thus we have

A B

B4 (AQ + B)(CQ+ D)7Y) = det (CQ + D) 34(Q), (c b

) eq. (5.4)

We now list some properties of 54 which are discussed in the the appendix in detail.
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Properties of 54.

1. <T>4(ﬁ, 7,0) is an analytic function in p, &, v with second order zeros at

(na(6p — %) + b0 4+ n1& — pmy +ma) = 0, (5.5)
o1
for mq € 2Z,mo,ng € Z,b € 2Z + 1, min1 + maono + 1 = 1

It has simple poles at

(na(6p — %) + b3 +n16 — pmy +ma) = 0, (5.6)
b2
formq € 2Z 4+ 1, mo,ng € Z,nq € Z,b € 2Z + 1, miny + mong + Z =

. @y is invariant under the following Sp(2,Z) transformations

This property is due to the fact that <T>4 is invariant under the subgroup of H defined
in (CA). The transformation (F.§) corresponds to the choice a = —1,b = 2,¢ =
0,d = —1 in (C.§) and (F.9) corresponds to the choice a = 1,b = 0,c = —2,d = 1
in (C.§). The above Sp(2,Z) transformations essentially correspond to generators of
I'(2), but ®, is invariant under the subgroup (C@) which is T'g(2), this contains the

group I'(2).
. The expansion of 1/ ®, in terms of Fourier coefficients given by
L _ 2mi(mp+né+pd)
= Z e g(m,n,p), (5.10)

@4(,5,6’,’[)) m,n,p
m>—1n>-1/2

with g(m,n,p) being integers. m,p € Z while n runs over integer multiples of 1/2

. To determine the asymptotic properties of the partition function given in (@) for
large charges we need the behavior of ®4 near 6p — 92 4+ @ = 0. Near this surface ®4
factorizes as

®4(p,5,0) = 47> (20 — p — 0)*0*f(p) f (o) + O(v"), (5.11)

where
FD(p) =n(2p)"?, (5.12)

and the relationship between the variables p, o, v and p, &, is given by the Sp(2,7Z)
transformation (f.17) and (f.1§).
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Just as in the case of CTDO in the previous section, following the same logic and using the
fact that @, is also invariant under the Sp(2,Z) transformations given in (p.8)and (b.9), we
see that the integrand in (f.])) is invariant under I'(2)g symmetry. This is what is expected
of a partition function which aims to capture the dependence of the axion-dilaton moduli
dependence of the subleading terms in the entropy function. In fact from property since
&, is invariant under the subgroup (C.A), the partition function (p.1]) is invariant under
the larger group I'g(2).

We shall now compute the statistical entropy from the approximate partition function
for the FHSV model given in (b.1). We will see that the statistical entropy from this
partition function captures the axion-dilaton moduli dependence of the entropy ()
To obtain the statistical entropy we will follow the method of [§]. of the dyons in the
FHSV model. The value of this function at its extremum gives the statistical entropy, the
logarithm of the degeneracy of states corresponding to the given set of charges. We see that
the black hole entropy function evaluated in section 4 agrees precisely with the statistical
entropy. Following [[], [, BJ] one can show that the dominant contribution to the above
integral comes form the pole at

Gp— 02 +0=0. (5.13)

The behavior of <T>4 near this zero is given by (p.11]), which is identical to the corresponding
relation (4.17) with k — 4 and f*)(p) — f(p). Thus following an analysis identical to that
in we can conclude that for large charges the statistical entropy Ssat(Q@, P) defined as
the logarithm of the degeneracy d(@, P) is obtained by minimizing the statistical entropy
function

—fBﬁ)=5}«2+rpﬁ—hmﬂ®@»-4ngﬂn—ﬂ)—ﬁm@@)+amﬁmm
2
+0(1/Q%,1/P?), (5.14)

where
FD(7) = n(2r)'2. (5.15)

We can then obtain the statistical entropy by first minimizing the the function —I'p with
respect to the real and imaginary parts of 7 and then evaluating the value of the statistical
entropy function at this critical point. This gives

D7)l = 7/@P7 = QPP ~In [ D7) /D (-7)2n)° | I, (5.16)

where

Q-P V@Q*P?—(Q - P)?

P2’ P2 ’
Comparing (B-69) and (p.1G) using (B.50) and (5.I7) we see that the approximate parti-
tion function given in (p.1]) captures the contribution of the axion-dilaton moduli in the

Tife = — Tols = (5.17)

subleading terms of the black hole entropy obtained from the Gauss-Bonnet term. There-
fore in the scaling limit given in (B.64) where the T-moduli contribution to the entropy is
subleading, the approximate partition function given in (p.]) agrees with the black hole

entropy (B.65) ignoring O(Q°, PY) terms.

— 26 —



We note that the vector multiplet moduli space of the FHSV model factorizes into
the axion-dilaton dependence and the T-moduli dependence. We also have seen that the
partition function in (f.1]) captures the subleading contribution to the dyon entropy form
the axion-dilaton dependence of the Gauss-Bonnet term. Thus we can conclude that a
product of &, with a suitable function should capture the degeneracy of dyons in the FHSV
model. It will be interesting to determine this function using clues from the corrections to
the entropy function given in (B.65) and the attractor values of the T-moduli given in (B.47)
and (B.49).
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A. ’t Hooft symbols for SO(2, 2)

We obtain the ‘t Hooft symbols for SO(2, 2) from the corresponding symbols for SO(4) given
by [B4] by the prescription: 1, — (i)%1~%2+0us+ovay . <with an identical prescription for
the anti-self dual ‘t Hooft symbols. This prescription takes care of the appropriate signature
changes required in going from SO(4) to SO(2,2). Using this prescription we obtain the
following self dual 't Hooft symbols for SO(2,2), 14,;; with a =1,2,3 and 4,5 = 1,---4 are
defined as

M3 = —1, no;31 = 1, n312 = 1, (A.1)
;32 = 1, 213 = —1, 73,21 = —1,
M1 = 1, M40 = —1, 73,43 = +1,

n1a = —1, M224 = 1, N334 = —1.

All the remaining components vanish. The anti-self dual 't Hooft symbols for SO(2,2,)
Ta;ij are defined as

M2z = —1, flo;31 = 1, 312 = 1, (A.2)
M1;32 = 1, M2:13 = —1, N3:21 = —1,

a1 = —1, o2 = 1, M3;43 = —1,
14 = 1, 224 = —1, N334 = 1.
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They satisfy the following identities:
1

. 1 .
Nazij = §6ijkmfl, Nasij = —§6ijkmfl, (A.3)
Nazij = —Najis Nazij = —Tasjis (A.4)
NasijMy” = 4Map, Tlasii Ty = 4Mab, (A.5)
Nazij N = LikLji — LuLji + €ijp1s (A.6)
Nazij M = LikLji — LuLji — €551 (A7)

Raising and lowering of 7, j indices are performed using the metric L;; = Dia(1,1, -1, —1).
The S0(2,1) metric ng is given by ng, = Dia(—1,—1,1) and the raising and lowering of
a,b indices are performed by the metric ny,. We define the following combination of the 't
Hooft symbols as

Nij = EN25 + N34, i = 0205 + M- (A.8)
B. Attractor values for the T-moduli in the FHSV model

In this part of the appendix we provide the details of the calculations which leads to the
attractor values of the T-moduli in the FHSV model given in (8.47) and (B.48). We start
with the entropy function of the FHSV model given in (B.45), to determine the values of
the T-moduli at the attractor point it is sufficient to focus on the first two terms of (B.49).
The first two terms are identical except for the exchange of 7 <» 7 in the numerator. Our
strategy for minimizing with respect to the T-moduli is similar to the one we followed in
the case of the STU model. We will just focus on the first term of (B.49), this is is given by
T|(Q+7P) wf

FPr=in0x 777 7 B.1
T 2 Y ’ (B.1)

and minimize this term with respect to the T-moduli. We will see that the attractor values
of the moduli are independent of the axion-dilator moduli 7. Therefore these values of the

=

attractor moduli minimize the second term in (B.45) simultaneously. This is because the
second term is the same as the first term with 7 — 7. For convenience we introduce the
variables

ny = (Q12 4 QIO) +T(P12 _’_PIO)7 ny = (Qll 4 QQ) +T(P11 4 PQ) (B2)
w) = Q2 ~ Q)+ (P2~ P), wh=(Q°~ Q") + (P~ P),
¢=Q +71P, i=1,-8

With these variables one can write (B.]) as

E2
Fr = _4% (B.3)
i = 058 S

8
and D = 2(y" — gDy~ —97) — Z(yl — 72,
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where we have substituted for w in terms of y using (8.39) and used the variables given
in (B.9). Minimizing with respect to y™ we get the equation
yTw]  ng E

L —_9” +_—+‘

(B.4)

The above equation can be simplified by further substituting for £ and D in terms of the
y’s, this results in

Yy n2 8

ny — i )2 + y W'
g = 71”1 V2 E (g(y _yg)) + il 1 (B.5)
+ \/— =1 + \/—
Minimizing with respect to ¥~ and y* we obtain the equations
ywy  wy B
. Y - B.
2 = 2p ), (B.6)
/
E . .
wy % —1
=2—(y' —7"). B.
¢+ 5y =250 ) (B.7)
From (B.4), (B.6) and (B.q) we can solve for y*, y~ and y~ in terms of the ratio
E
=2—. B.
R=27 (B3)
These are given by
1 < ng ng = no
+ /
yt = — — [ - wy + —=R+ —R> , (B.9)
(3 -R)(F-R)-RR\ V2 V2 V2
_ 1 < wh o, wh o wh >
vy = w wh = = - 1+ R+ R
(4 —R)( —R)—RR \ 2V2 V2 V2
1 i o
y' = — ——— (—q—w’l +q’R+q’R>
(-~ R)(G —R)—RR \ 2

From the above equations it is possible to evaluate the following ratios which are
independent of R.

Yoy whw) — wyw)

F_ 0t fow — e (B.10)
Yy Yy nawy nQ'UJl

i i W — g
% — \/_w (B.11)
yr -y n2w1 — n2w1

It is easy to see that the ratios on the right hand side of the above equations are indepen-
dent of the axion-dilaton moduli 7 on substituting the definitions (B.J). Now from (B.4)
and (B.6) and (B.10) we can obtain the value of y~ in terms of y™ this is given by

- ] —1 —1 /=
- e oo
+W2VT/1 — I/?2W1 n 2N2VY2 — ]Y2W2.

NoWi — NoWh NoWyi — NoWi
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where the N, W and N and W are defined in (B:44). Similarly, from (B4) and (B3
and (B.11) we obtain 3’ in terms of y*

: q'w) — q'w] n9q" — naq’
yh=Voyt—1——L 4o = - (B.13)
_ Vot QW — P'W, ) N Q' — NoP'
Y NoWy — NoWy NoWy — NoWy

We can now substitute the solutions for %’ and y~ in terms of y* in the equation (B.3)

and obtain the following equation for y after some manipulations
Ayt + Byt +yt) +C =0, (B.14)
_ _ 8 ; -
A-_" (wéw/l — wHwy 3 (((Twi — q'w))® ) 7

= / -/ = / -/
2\ now| — now — (naw} — now} )2

_ _ 8 -
po_ M Wywy — wywy Z (qw) — ¢'w})?
ﬁg’wll — ’I’LQ’LZ),l — (ﬁg’wll — ngw/1)2 ’
& mliow) —nowh) —nap(nawh —whing) 34 (ng" — g (wid' — g'wf)
= > .

" ) +n2 I )
now} — naW} (Row) — naw})

Using the above equation and its complex conjugate one can obtain a relationship between
yT and T by getting rid of the quadratic term § Ty in (B.14). This is given by

=+ +

Yy Yy
—=-——+ B.15
N (B.15)

(Row] — nowh)(Win1 — winy + nowh — whitg) — 30 (neg’ — Mg’ (wiq' — ¢'a})

(Raw] — naw}) (wi@h — why) — o5y (Fw) — gl )?

Substituting this relationship in (B.14) and writing the equation in terms of only y* we
obtain the quadratic equation

v\ Lyt B
A<ﬁ> +B 5+ C =0, (B.16)

8
A:W2W1—W2W1—|—Z(
=1

QW1 — P,Wh)?
NoW, — NoWy

8
B = (WoNy — WalNo) — (MW — NyWh) + Y

i=1

(N2Q; — P;N2) (W1 Q; — PW)
NoWy — NoWy

)

C = N;Ny — Ny Ns.

Here we have used the definitions (B.4) and (B.44). Note that from (B.13), (B.13)

and (B:I16) the solution fo the T-moduli y*,y~y" are independent of the axion-dilaton

moduli 7 and thus solve the attractor equations for the entropy function (B.43). Note

that the above procedure of solving the attractor equations for the T-moduli generalize

trivially to any model with vector multiplet moduli space

~ 8U(1,1) " SO(2,n)
U(l1) SO(2) x SO(n)

My (B.17)
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C. Properties of Siegel modular forms

In this section we detail the construction and properties of the Siegel modular forms CTDO
and ®, which are used to write down the dyon partition functions for the two N = 2
models discussed in this paper. From and ({£4), (5.J) we see that these modular forms are
defined in terms of the modular forms @5, ®g and EIV>’2 We first recall the construction and
properties of ®y and EIV>6 which was constructed to capture the degeneracy of dyons in a Zs
orbifold of type II theory and the Zy CHL orbifold respectively in [L0, [{].

ég(ﬁ, &,?). The infinite product representation of ®¢ is given by [f

~ 1 e e n

(1)6([)75-7’5) = _Ee(%”(EJ’_p—H})) X (Cl)
. e e e (=) (k' 1—52)
H H (1 — exp(2mi(k'G + 1p+ jv)) == ,
r=0 k' €Z+%5,1,5€L

E1>0,5 <Ofor k/=1=0

where the coefficients cg’s) are defined by the expansion

F(r2) = 3 o dn—0)qne ™, (C.2)
beEZ,n

here n € Z for r = 0 and %Z for r = 1. The expressions for various values of (r,s) are as
follows: Let

E(7,2) = W) (r)93(2r, 22) + Wy (1)94(27, 22), (C3)
here we list these functions
3

hip (1) = 8Q93(f’ 36()22:9’ 40()7 07 + 2193(217, 0)’
hgf“7>Z'—S@xgﬁigﬁixn2*‘20x;n0V
%ﬁm—%gwy $W>ﬂ%&m’

0 = i WP = g
wo-di wo-gil e

We can now define the coefficients ¢(™*) () through the expansions

W (1) =3 e n)gt, () =3 el (dn)g". (C.5)

From ([C.4) we see that in the expansion of hgf), nez— % forr=0and n € %Z - % for
r = 1. Thus for given (r,s) the ¢"* (u) defined through the two equations in ([C.§) have
non-overlapping set of arguments. Substituting (C.5) in (C.J) we get (IC.J) The properties
of ®g can be studied by obtaining it as a result of a threshold like integral [[j]. Here we
review some of its important properties:
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. ®g is a modular form of weight 6 under the subgroup G of Sp(2,Z) defined in [g].
Therefore

Be((AQ + B)(CQ + D)) = det (CQ + D)5d6(Q2), (é g) eG.

G contains the subgroup H [f whose elements are of the form:

a —bb0
—c d Oc

—bc=1 27. .
0 00del ad—bc=1,ce (C.7)
0 0 ba

From (Cf) we see that ®g is invariant under the Sp(2,Z) transformation given
in (C.7). This gives that for

p = a®p+ %5 — 2abv + ab, (C.8)
= 2p+d%6 — 2cdv + cd,
U = —acp — beo + (ad + be)v — be,

we have
(56(/)’,0/?/) = ®¢(p,0,v) for <a Z) , ad—bc=1,ce?2Z. (C.9)
c

Thus these group of matrices belong to I'y(2).

. From examining the coefficients cg’s) defined by the expansions in (C.4) it can be
seen that
cg’o) (u) + ¢’ (u) € 27 (C.10)

. @4 has second order zeros at

(n2(6p — %) + bi + n16 — pmy +mz) = 0, (C.11)
o1
for mq1 € 2Z,mo,ng € Z,b € 2Z + 1, mini + maono + T-1
. In the limit v — 0, CTDG factorizes as
F (5~ - L 59 8 o=g (O\8 g
B6(7, . 8)5—0 = =77 20n(p)*1(2p)"n( 5 ) m(@)". (C.12)

. Under the Sp(2,7Z) transformation given in (.17) ®¢ is related to the Sp(2,Z) mod-
ular form of weight 6 by

~ . L 2 o —(0—-1)?% pe -2+
g(p,5,70) = 6 50 (p—g,p (5 ) ,p = ), (C.13)
=0 Gq)ﬁ(p? 0-7?])7
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where ®g is defined by

Og(p,0,v) = —exp(2mi(p + o +v)) (C.14)
1
(r,s)
H H {1 = (=1)"exp(2mi(ko + lp + bv))}“s (4107
r,s=0 (k,1,b)EZ

k,1>0,b<0 for k=1=0

p,,7) is related (p,o,v) by (f17) ®¢ has the factorization property in the limit
v—0

~~

O6(p, ,0)0—0 = 47°0°n(0)*n(20)*n(p)*n(2p)°. (C.15)

6. Using (C.13) and the factorization property (C.15) we see that when po — 02+ 9 ~ 0
d¢ factorizes as

®6(5,6,0) ~ 47 (20 — p — 0)*v*n(0) n(20)°n(p)*n(2p)*. (C.16)

&’2(5, 6,?). The infinite product representation of ®, is given by [q)

~ 1 o
B9 (p,5,0) = —?6(27”(”4'”)) X (C.17)
1 sl ,.(:8) / -
11 11 (1 — exp(2mi(k'& + 1 + ji)) ool ex (KT
r=0 K €Z+% ,1,EL

k10,5 <Ofor k/=1=0

where the coefficients cg’s) are defined by the expansion

B (rz) = 30 6 (n — 1)g"e, (C.18)
beEZ,n

here n € Z for r = 0 and %Z for r = 1. The expressions for various values of (r,s) are as
follows: Let
Fy"(r,2) = hyy) (r)03(27,22) + BY;) (), 02(27, 22). (C.19)

here we list these functions

hsy (7) = 0, hin) (7) = 0, (C.20)
hg%l)(T) 4193(217',0)’ hg?il) m) = 4192(217',0)

g (7) = SZiEiT (;2) o ) = —831370‘;3 ,

W) = s ) =82

We can now define the coefficients ¢("™*)(u) through the expansions

W () =S nygt,  hY () =Y & (an)g. (C.21)
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From ([C.2() we see that in the expansion of hgl’s), ne€Z—tforr=0andneiz-1L
for 7 = 1. Thus for given (r,s) the ¢ (u) defined through the two equations in ([C:21])

have non-overlapping set of arguments. Substituting (C.21) in (C.19) we get (C.1§) The
properties of @ can be studied by obtaining it as a result of a threshold like integral [[[0].
Here we review some of its important properties:

1.

®, is a modular form of weight 2 under the subgroup G of Sp(2,7Z) defined in [f].
Therefore

A B

Dy ((AQ + B)(CQ + D)) = det(CQ + D)?®5(Q), (c u

) el (C.22)

Since the G contains H given in (C) using the same arguments as in the case of Dy
we see that @, is also invariant under the transformation ([C.§).

From examining the coefficients cg’s) defined by the expansions in ([C.20) it can be
seen that

cg»,o) (u) £ ¢y (u) € 2Z. (C.23)
<T>2 has second order zeros at
(n2(6p — %) + b0 +n16 — pmy +ma) = 0, (C.24)
for my € 2Z,ma,no € Z,ny € Zb € 27 + 1, miny + mono + % = i.

It also has a second order pole at

(n2(6p — %) + b0 +n16 — pmi +ma) = 0,(C.25)
b2

1
formq € 2Z + 1, mo,ny € Z,n1 € Z,b € 2Z+1,m1n1+m2n2+z =7

. In the limit v — 0, (52 factorizes as

. 71.2 ~\16 & 16
<I>2(ﬁ7 576)17—>0 = _6_462 77’5]?5)))8 77(77(/5-2))8 . (026)

Under the Sp(2, Z) transformation given in ([E17) ®, is related to ® Sp(2, Z) modular
form of weight 2 by

_ 2 56— (6—1)2 56 — 24+
B2(p,5,5) = 5Py (ﬁ S il Gl “) . (ca)
o o a
= 5 2D5(p, 0,v).
where @5 is defined by
Do(p,0,v) = —exp(2mi(p+ o +v)) (C.28)
1
(r,s)
H H {1—=(=1)"exp(2mi(ko +lp+ bv))}* (451—0%) ,

r,s=0 (k,l1,b)EZ
k,1>0,b<0 for k=1=0
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(p,,0) is related (p,o,v) by (f17) ®2 has the factorization property in the limit
v—0 .
2, 27(20)'° n(20)"°

Dy(p, 0,0)y—0 = 40 (C.29)

6. Using ([C.27) and the factorization property (C.29) we see that when jo — 92+ ~ 0
®,, factorizes as

B 16 16
By(5.5.7) ~ Ar?(20 — p— o)22 1R “1C0) ° (C.30)

;IV>’2(;5, &,8). @) is a Sp(2,Z) modular form of weight 2 which is related to ®; by the
following

Y(p,5,7) = Py(=,2p,0), (C.31)

Nle

Though we can derive many of the properties of (13/2 from the properties of &)2 it is instructive
to write down the threshold integral from which @/, can be obtained This threshold integral

is given by
1
0) = Z Trsis (C.32)
l,r,s=0
where )
d ) T8
Zr,s,l — _T Z qp%/2(jp%/2€(2ﬂmls)hé;é )7 (033)

T2
F mg,ng€Z,ny EL/2

mi E€2Z+r,be2Z+1
(T’ s)

where F denotes the fundamental domain of SL(2,Z) in the upper half plane, h;;”’ are
given in ([C.2(). Here
q = e27ri7'7 (034)
Ph 1 i i o
e m’—mlﬂ+mz+w+nz<op—v ) + bof?, (C.35)
2 1 1
% = 3Pk mimi +many + 407, (C.36)
= <l~) 1~)> (C.37)
U0

The integrals in ([C.39) can be performed using the procedure [BJ—B7, fi]. The procedure
involves evaluating the contribution of the zero orbit, the degenerate orbit and the non-
degenerate orbit of SL(2,Z) separately. The result is

~ =/
T = —2In[2"k(det Im Q)?] — 21In ®4(p, 5, 9) — 2In &y (5, 5, 9), (C.38)
where

K= <%el—w>4. (C.39)
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~vg is Euler’s constant and &Dé is given by

~ 1 5~
Dh(p,5,0) = —ﬁe@’”(f“)) x (C.40)
1
II [T (- exp(2mi('s + 1+ jo)) im0 P Grishes T r1=3%)
r=0 k/e2z+rlcn/2,j€L

k’,1>0,j<Ofor k'=1=0
From the threshold integral in ([C.3§) we can obtain the following properties of &)’2

1. From ([C.33) it is easy to see that those SO(2,3;Z) = Sp(2,Z) transformation which,
acting on the vector (my,ng,ni,ne,b) with myms,ng, b integers and ny € Z/2 pre-
serves my modulo 2, ny,,ms,ny modulo 1 and b modulo 2, will be symmetries of
7 in (C39). This defines the subgroup G [f], thus from (C:3§) we see that o) is a
modular form of weight 2 under the subgroup G of Sp(2,Z). Therefore

O, ((AQ + B)(CQ + D)) = det(CQ + D)?®5(Q), (é g) €q. (C.41)

Since the G contains H given in (C7) using the same arguments as in the case of &)6
we see that @) is also invariant under the transformation ([C.§).

2. @), has second order zeros at

(n2(5p — %) + b0 +n16 — pmy +ma) = 0, (C.42)
o1
for mq € 2Z,mo,n9 € Z,n1 € Zb € 2Z + 1, minq + mans + 11

It also has a second order pole at

(n2(6p — %) + b0 +n16 — pmy +ma) = 0, (C.43)
1 o1
formy € 2Z,ma,ns € Zyny € Z + §,b € 27 + 1,min1 + maono + T-1
3. In the limit o — 0, ®}, factorizes as
~ 7.‘.2~ ~\16 5 16
P4(p,6,7)5-0 = 21(p) _ 1(?) (C.44)

T64" (258 n(5/2)F

4. Under the Sp(2,Z) transformation given in (fL17) from the relation of ®5 to @)
in (C:31)) it can be shown that ®) is related to ®» Sp(2,Z) modular form of weight
2 by
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where ®y is defined by [LT].

dy(p,0,v) = —exp(2mi(p + 0 + v)) (C.46)
11

A(r,8) .
[IIT  II - () ep@mitho +lp+ ju)}s 0857,
b=0r,s=0 (k1) EZ,jE€2Z+b
k,1>0,j<0for k=1=0

(p,5,0) is related (p,o,v) by ([{17). égf) is related to cg’s) by

1 1

(7,8 1 mi(sr'—rs’ s

&3 ) = 5 D0 D AL ), (C.47)
=0s'=0

d has the factorization property in the limit v — 0

1 1
Bo(p, 0, 0)y 0 = 422 10P) ° (o) "

(C.48)

5. Using ([C.27) and the factorization property (C.29) we see that when o — 92+ o ~ 0
P/, factorizes as

(C.49)

Now that we have the properties of the basic modular forms 52, 5’2, CTDG we can derive
the properties of the modular forms ®( and @/, which are used in the writing down the
dyon partition functions in the STU model and the FHSV model.

®o(p,5,0). We define g as
~ - |
g = Doy =2. (C.50)
g
1. It is clear that from the above definition this is a modular form of weight 0 under the
subgroup G. Since G contains H it is invariant under the transformations C3).

2. From ([C.11)), (C.24) and (C.42) and from the definition ([C.50) we see that <T>0 has
second order zeros at

(na(6p — %) + b +n16 — pmy +ms) =0,  (C.51)
b1
for mq € 2Z,mo,ng € Z,n1 € Zb € 2Z + 1, minq + mong + Z = Z
Further more from the form the locations of the poles of @, given in (C:29) and P,
in (C.49) and from (C.50) we see that ®( has second order poles at

(n2(5p — %) + b0 +n16 — pm1 +ma) = 0, (C.52)
o1
formq € 2Z 4+ 1,mo,ng € Z,n1 € Z,b € 2Z 4+ 1, miny + mong + Z = Z
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It has simple poles at
(n2(5,5 — %) + b0 + 6 — pmi +mp) =0, (C.53)
b1
formq € 2Z,mo,n9 € Z, M EZ—i— ,be 27+ 1, mlnl—i-mgng—i—z =7
. From the factorization properties ([ 3.12) and (C.26) and (C.44)) and from the defini-
tion ([C.50) we see that in the limit & — 0 ®q factorizes as

@0( )v—>0 _ 7T2 ~2 77(25)8 77(5-/2)8 (054)

— 0" .

256 n(p)* n(o)*
. (C10) and (C23) ensure that in the the product formula for g, ®3 and ), given
in (CJ)), (C17) and (C.40) the exponents Cé )( )+ c(r Y and cg’o) (u) £ cg’l)(u)

are all even integers. The square roots involved in obtaining ®y just make these

combinations integers. Therefore we have

- = Z 2mUmpHnI+pY) o (1 . p), (C.55)
¢0(p7 0-7 U) m,n,p
m>—1/2n>1/2
where the Fourier coefficients g(m,n,p) are integers with K = —2719 m ¢ 7Z/2,

n € Z/2 and j € Z. The lower bound in the sum in ([C.55) and the domains of m, n, p
are obtained by examining the product representation ([C.1)), (C.17) and ([C.40).
. Using (C.19), (C-27) and ( ) it is easily seen that under the Sp(2,Z) transfor-

mation given in ( ) B is related to ®¢ the Sp(2,Z) modular form of weight 2
by

~ o e —(0—-1)2 pe—02+0
Dy(p,5,0) = Py <p— = i (5 ) 7,0 P ) ) (C.56)
= ®y(p,0,v).
where &g is defined by
o P, 0,V
Bo(p.0,0) = Ba(p.o0)| | AT, (C.57)

(p,,0) is related (p,o,v) by (f17). From (C.15) and (C.29) and (IC.49) it is seen
that ®( has the factorization property in the limit v — 0

8 o 8
Bo(p, 0,0y = 470 7;((25)4 717((20))4 , (C.58)

= 47‘(”[)2792 (,0)4792 (0')4.

In the last line of the above equation we have written the Dedekind-n functions in
terms of the Jacobi-9) functions.

. Using ([C.56) and the factorization property (C.5§) we see that when po — 92+ ~ 0
d, factorizes as

Do(p,5,7) ~ 412 (20 — p — 0) 20?02 (p) V2 (o). (C.59)
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<i>4(ﬁ, &,0). We will not go into the details of the derivation of the properties of &)4, but

it is now clear that from the properties of the form CT)G and &)2 and using the definition

04(p,5,0) = /(5. 5, 0)P2(p, 5, D), (C.60)

one can show the properties listed in section 5. of the paper.
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